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Abstract 

Let Soo be the infinity permutation group and T an arbitrary 
group. Then 6oo admits a natural action on T°° by automorphisms, 
so one can form a semidirect product T°° x ©oo, known as the wreath 
product r I &oo of r by 6oo. We obtain a full description of unitary 
Hi— factor- representations of T I 6oo in terms of finite characters of T. 
Our approach is based on extending Okounkov's classification method 
for admissible representations of ©oo x Goo. Also, we discuss certain 
examples of representations of type III, where the modular operator 
of Tomita-Takesaki expresses naturally by the asymptotic operators, 
which are important in the characters-theory of 600 • 



1 Introduction 

1.1. A definition of the wreath product. Let N stand for the natural 
numbers. A bijection s : N — > N is called finite if the set {i G N|s(i) 7^ i} 
is finite. Define Soo as the group of all finite bijections N — > N and set 
& n = {s G Sqo I s(i) = i V i > n}. For every group T, an element of F 1 
can always be written as a sequenced collection [jk]k=i = (7i>72, ••■ >7n)> 
where jk £ T. Let e be the unit of T. For any n > 1 we identify the 
element (71,72, ■■■ ,7n-i) G r n_1 with (71, 72, . . . , 7„_i, e) G T n and set 
= lmfr 71 . One can view as a group of infinite sequenced collections 
[7fe]2Li such that there are finitely many elements 7^ not equal to e. The 
wreath product T I & n is the semidirect product T n x S n for the natural 
permutation action of & n on T n (see 4 ). In the same way, we define the 
group T I Sqo = xi Sqo- r I Soo can be also viewed as the inductive 
limit limr I S n . Using the embeddings 7 £ T n — > (7, id) G T I S n and 

s G S n — > (e^ ra \ s) G T ; S n , where e^ n > = (e, e, . . . , e) and is the identical 
*Supported by the CRDF-grant UM1-2546 
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bijection, we may identify T n and 6 n with the corresponding subgroups 
in r l <3 n . If r is a topological group, then we equip T n with the natural 
product-topology. Furthermore, we will always consider as a topological 
group with the inductive limit topology. As a set, T I ©oo is just x ©oo. 
Therefore, we equip T I ©oo with the product-topology, considering 6 ra as 
a discrete topological space. 



1.2. The Results. In this paper we give a full classification of indecom- 
posable characters (see Definitions © - Q) on T I ©oo (Theorem EJ). Our 
approach is based on the semigroup method of Olshanski 7 and the ideas 
of Okounkov used in the study of admissible representations of the groups 
related to ©oo[2],[3]. We have noticed that two double cosets containing 
the transposition or 7 G V are commutated, as the elements of Olshanski 
semigroup, (see Fig. |H1 p [23] and Lemma l2*Tj) . This observation enables one 
to develop Okounkov's method for the group Goo I T (see Section^. In 
Section |3] we discuss certain examples of representations of type III. The 
corresponding positive definite functions (p.d.f.) if are not characters, but 
the following holds: 

tp(sg) = if(gs) for all g G ©00 I T and s £ ©oo- (1-1) 

Hence the restriction <p is a character. At that, the Okounkov's asymp- 

6 00 

totic operators (see (|4.7jl ) are naturally connected to the Tomita-Takesaki 
modular operator (see subsection |2l3). In fact, this observation is common 
for p.d.f. with the property Ijl.lj) . For those, we are going to produce a 
complete classification in a subsequent paper. 



1.3. The basic definition and the conjugate classes. Let TC be a 

Hilbert space, B (Ti.) an algebra of all bounded operators in TC, and 1-n the 
identity operator in TC. We denote by U (TC) the unitary subgroup in B (TC). 
By a unitary representation of the topological group G we always mean a 
continuous homomorphism of G into U (TC), where U (TC) is equipped with 
the strong operator topology. 

Definition 1. A unitary representation ir : G — > U (TC) of G is called a 
factor-representation if the W*— algebra tt(G)" generated by the operators 
71 (9) (9 £ G), is a factor. 

Definition 2. A unitary representation ir is called a factor-representation 
of finite type if vr(G)" is a factor of type 
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Let M. be a factor of type II\ and M. a subalgebra of B{TL). If n(G) C 
U{M) = M. f]U(Ti.) and iryvj is the unique normal, normalized (tr(I) = 1) 
trace on M. , then it determines a character (f>^ of G by <^ (g) = ir^ (^(fl 1 )) • 

Definition 3. A continuous function eft on G is called a character if it 
satisfies the following properties: 

(a) 4> is central, that is, (frigxgz) = 4>{g-29i) V 51,52 G G; 

(b) <p is positive definite, that is, for all 51, 52, • • • >5n the matrix 
[0 (sjSfc *)] 2fc=i is non-negatively definite; 

fcj is normalized, that is, <p (ea) = 1, where ec is the unit of G. 

Definition 4. A character is called indecomposable if the group represen- 
tation corresponding to (according to the GNS construction) is a factor- 
representation. 

In this paper we obtain a complete description of indecomposable char- 
acters on T I Sqo in the case when T is a separable topological group. 

First, let us describe the conjugacy classes in T I ©oo- Recall that the 
conjugacy classes in ©oo are parameterized by partitions A, that is by un- 
ordered oo— tuples Ai, A2, • • • of natural numbers such that there are finitely 
many elements Afc not equal to 1. Namely, Ai, A2, • • • are the orders of cycles 
of a permutation s G ©oo- Furthermore, an element r?©oo can be written as 
a product of an element of ©00 and an element of r^°, and the commutation 
rule between these two kinds of elements is as follows: 



where s G ©oo, 7 = (71)72, • • •) G r^°. Let N/s be the set of orbits of s on 
N. Note that for p£N/s the permutation s p given by 



is a cycle of order \p\, where \p\ stand for the cardinality of p. For 7 = 
(71,72, •• •) 6 Tf define the element j(p) = (71 (p), 72 (p), • • •) 6 Tf as 
follows: 



s ■ 7 = s • (71,72, • • •) = (7 s -i(i)'7s-i(2)> ■ • •) • s 



(1.2) 




s(k) if k G p 
otherwise 




(1.3) 



Thus, using (|1.2|) . we have 



s-7= n s p"^^)- 



(1.4) 
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Denote by c G (g) the conjugacy class of g £ G. Finally, for g = s ■ 7 G 
r I ©oo define the invariant \{g) given by unordered 00— tuples of pairs 

{ (\p\,Cr (ik ■ 7*(fc) • • • 7 a (0( fc ) • • • 7 S (W-D( fe ))) } fe£p) pgN/s , where a « is Z-th it- 
eration of s. The following statement can be easily proved. 

Proposition 5. Let g\ and 52 be elements of T I ©oo- Then c(gi) = c (52) 
if and only if\(gi) =1(92). 

1.4. The multiplicativity. The following claim gives a useful character- 
ization of the class of indecomposable characters: 

Proposition 6. The following assumptions on a character ipofTl ©oo are 
equivalent: 

(a) (p is indecomposable; 

(b) <t>(g) = EI 4> ( s p ■ lip)) for any g = s ■ j = f\ s p ■ j(p) (see\F$. 

Proof. To prove the proposition, we consider the elements g = s ■ 7 and 
g' = s' ■ 7' of T I ©oo satisfying the following condition: 



U P\j{k\lk^e} 



C 



U p{]Wk = e) 

ype{geN/s'| | 3 [=i} j 



Then there exists a sequence {s n } ne N c ©oo such that 

s n ■ g = g ■ s n and s n ■ g's' 1 ■ h = h ■ s n ■ g's' 1 for all h & V I 6 n . (1.5) 

Suppose now that (a) holds. Using the GNS-construction, we produce the 
representation tt^ of T I ©oo which acts in a Hilbert space TC^ with a cyclic 
vector £0 such that 

4>{g) = (g) ZfaU)- 

Let A = w — lim ttj, (s n • g's~ l ) be a limit of the sequence ttj, (s n ■ g'sZ. 1 ) 

n— >oo ' v ' ' 

in the weak operator topology. Using (|1.5[) . we deduce by Definition that 
yl = aZ, where T is the identity operator in TL^ and a a complex number. 
Therefore, 

<t> {g ■ g') = I™ 4>(g- s n -g' ■ s' 1 ) = 4>{g) ■ lim <j> (s n ■ g' ■ s" 1 ) = <f>(g) ■ 4> (g 1 ) 
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Thus (b) follows from (a). 

Conversely, suppose that (b) holds. For any subset S of B (Tt), define its 
commutant as follows: 

S' = [T G B (H) \ST = TS for all S € S} . 

If -Kfjy (r I Sqo) Pi 7T0 (r I Goo)" = Z is larger than the scalars, then it contains 
a pair of orthogonal projections E and F with the properties: 

(p(E) ^0, (j)(F) and E ■ F = 0. (1.6) 

By the von Neumann Double Commutant Theorem, for any e > there 
exist g^,g^ G r i 1 S ra C T 2 6^ (n < oo) and complex numbers c^,c^ 
(k = 1, 2, . . . , N < oo) such that 

TV 



fc=i 
TV 



fc=l 

Consider the bijection 

j + n if j < r?-, 
r(j) = < j — n if n < j < 2n, 
j otherwise. 

By Definition (j3J), use (|1.7|) to obtain 



TV 



k=l 



< 6<f>(E), 



< 80(F). 



Now, using (b), lfO)|) . lfT77jl and we have 

ey/MEMF) (ey/<f>{E)<t>{F) + ^(E) + ^(F)^ 



> 



TV 



TV 



> <t>(E)<t>(F)(e + l) 



(1.7) 



(1.8 



fc=l k=l 
k=l J \k=l ) 
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Hence 



£ > 



+ 



Then, comparing this to (|1.6|) . we get a contradiction. 



□ 



1.5. The main result. In 5 , E. Thoma obtained the following remark- 
able description of all indecomposable characters of Goo- The characters of 
Goo are labeled by pairs of non-increasing positive sequences of numbers 
{oik}, {Pk} (k 6 N) such that 



]Ta fc + ]T/3 fc < 1. 



(1.9) 



k=l 



k=l 



The value of the corresponding character on a permutation with a single 
cycle of length I is 



E^ + t-^E/ 3 ; 



k=l 



k=l 



Its value on a permutation with several disjoint cycles equals to the product 
of values on each cycle. 
Here is our main result. 

Theorem 7. Let <f> be an indecomposable character of V I Goo • Then there 
exist a representation g° ofT of finite type, two non-increasing sequences of 
positive numbers {ctk}, {Ac} (k £ N), and two sequences {g ak } and of 
finite- dimensional irreducible representations of T such that for g = s ■ 7 € 
T ; Goo (see fO)) - one has 



m= n \ S P 



1 — ^ ( afc • dim g ak + (3 k ■ dim g 



fceN 



• II tr ° (Ti 



fc=i 



«L Pl • 2>m (7(p)) + (-l) |phl 4 Pl • (7(P)) 



(1.10) 



where j(p) = ^ k ■ j s{k) • • • 7 s (0(fc) ■ ■ • 7 s (lp|-i)(fc) ( k e V)> Tr a k , Trp k are char- 
acters corresponding to the representations g ak , g@ k , tro is the normalized 
character of the representation g°; 

1 i/W = l, 
if \p\ > 1. 
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and ^ (oik ■ dim g ak + (3k ■ dim (f k \ < 1. 

Now we formulate the main result in the case when T is a locally compact 
abelian group. 

A 

Let r stand for the dual group of T. 
Theorem 8. Let 4> be an indecomposable character ofTl&co. There exist a 

A 

probability measure fi on T, two non-increasing sequences of positive numbers 
{otk}, {Pk} (k G N), two sequences an d \^ k \ °f e ^ emen ^ s °/r, such 

that for g = s -<y eTl&oo (see {ZU$ - fO) ) 



M = n 



p&S/s 



fceN 



• / 7(IlTi(P)] d 

7er 



1.11) 



fe=i 



vieN 



where {a k } and satisfy \1.9\) . 



2 Realizations of iTi— factor-representations. 

A complete family of factor-representations of G\Y can be constructed 
using the Vershik-Kerov jH] or Olshanski [7j realizations, found for the 
Hi— factor-representations of the infinite symmetric group &oo- We follow 
the approach developed by Olshanski as it leads to less spadework. 

2.1. A construction of representations. Let {oik\k&ii {AlfceN ^ e ^ wo 
finite or infinite sets of numbers from (0, 1) and suppose that g ak and g@ k 
are unitary irreducible finite dimensional representations of T that act in 
the Hilbert spaces TL ak and ri^ k respectively. Assume that 

^2a k -dimg ak +^(3 k -g^ k < 1. 



Set 



J = l-£a fc -dime * 
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Let Ti° stand for the (Hilbert) space of a unitary representation g° of T of 
finite type. We may assume without loss of generality that there exists a 
cyclic and separating unit vector for the pair (g° (T) , TC°) . To rephrase, 
[£ (r)£(°)] = [e (r)'f(°)] =U°, where [e°(r)f(°)] is the subspace generated 
by £>°(r)£ (0) . Furthermore, the formula tr ( 7 ) = (p°(7)£ {0) , £ (0) ) w o deter- 
mines a character on T. Thus, we associate a unitary representation (g )^ 
of T x r to the representation g°. Namely, (g°) is defined as follows: 

(e°) (2) ((71,72)) (^°(7)e {0) ) = q° (71) £°(7)e° fc 1 ) e (0) - 

Denote by (g ok ,H ok ,C m ) the k-th copy of the triplet (g°, H°, £ (0) ) ■ 

Let {e^H be an orthonormal basis in 7i ak . Define the 

^ J l<j<dim« a fc 

matrix elements of 0°* as follows: 



^f(7)=(^(7)ef fc) , e<°*>), 



where bar denotes the complex conjugation. 
Let 



and 



H = f ©W afc © H Pk ) ® ( ©W Qfe © K A © ft ofc 

fc fc J \k k I k 



v (m) = j> j ^ 4 ® 4 + E a E 4 ® 4 + ^ (0m) - 

fe V i / * \ j j 

Define the unitary representations g and g of T in H as follows 

Q * k eg Pk ] © (©/©/) ©^ 
g = (®I © /) © (®g ak © ^ fc> ) © £ 0fc , where £ 0fe ( 7 ) = (^°) (2) ((e r , 7 )) • 

\ k k J \k k J k 

We identify H ak ®H ak , 7i f3k <^H^ k , and H ok to their images with respect 
to their natural embeddings to H. Denote by H m the m— th copy of the 
Hilbert space H and consider the infinite tensor product 

H = (g)(H m ,r/ m )). 
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It is convenient to represent H as the closure of linear span of vectors of the 
form 

Ci <8 C2 <8 ■ ■ ■ <8 Cm-i <8 f/"^ <8 r/ m+1 ) (8> • • • , where £j is any vector from ED 7 . 
Now fix the orthonormal basis 

<B = |ej r) ® e[ s) G (©^ Qfc © ® .e, G ©W ofc j 

in H and assume below Q G 55. By the vector C = Ci C2 ® ■ ■ ■ <8 Cm-i <8> ■ ■ ■ 
we build a sequence j I C ) = {ji < 32 < ■ ■ • } such, that 



0; = e m fe ' ) <8 f f or some Pk and m. 



Define for s G Sqo a vector s ( £ J = $1 <8 $2 <8 ■ ■ • <8 #m-i <8> ■ ■ ■ as follows: 



e£ } (8) f, »/ C s -i(fc) = e£ } (8 e and Cfe = ej s) 

® e, »/ C s -i( fe ) = 4u ® e and Cfe G ©W 01 
C s -i(fe), »/C a -i(fc) e ©H '. 



For any ^ G j ^("J such that = e^j^ <8> f there exists jf G ) \ s y( 
with the property 

t?,-. = e (/3 ?\ 

Let t be a permutation of the set {jf, j'f, ■ ■ .} for which t(jf) < t (jf ) < 

Finally, set ip ^s, = sgn(t). The corresponding representation tt of ©00 <T 

can be realized in H as follows: 

t(7) (Ci <8 C2 <8 ■ ■ ■ <8 Cm-i © " M © • • • ) 

= (7l) Cl © (72) C2 ® • • • © £ (7m- 1) Cm-1 © £ (7m) ?? (m) <8 ■ ■ • (2.2) 
and /or s G ©oo 7r(s) (Ci <8 C2 <8 • ■ ■ <8 Cm-i <8)---) = -0(jsr, C)«(C 



2.2. The character's formula. Set r) = (££)i/ m ). Assume that 5 is the 

m 

cycle (1 -> 2 -> 3 -> • • • -> fc - 1 -> fc). Let 7 = (71,72, • • . ,7fe,e r ,e r , . . .)• 
Routine calculations provide that 

vr (57) V, V) = E a J Tr (7172 • • • 7fc)) + E Tr (/' frlTa • ■ ■ 7fc)) ( 2 -3) 

dim g r 

where Tr (^(7)) = X] 6jj('y) anc ^ & > !• 
i=i 

It is obvious, that 

Tr (7) ^) = n (E «* Tr (7.)) + E & Tr (7;)) + (e° (77) c (0) , e 

Since tr° is a character on T, one can use (|2.3|) and the multiplicativity 
property (see Proposition |BJ) to obtain the following 



Corollary 9. Let x{d) = \ 71 (fiO Vt V ) ■ Then x is an indecomposable char- 
acter on Goo I r. 



3 Another examples. 

In this section we construct examples of infinite type representations of 
Goo I ^2- The corresponding positive definite functions are not characters. 
On the other hand they satisfy the following condition: 

(f(sg) = if(gs) for all g £ G = 600 I T and s G ©00 • 

In the generic case the representation n v built by GNS-construction from 
ip is of type III. Furthermore, the state </? on the W*— algebra tt^ (G) is 
exact. These properties allow one to construct the Tomita-Takesaki mod- 
ular operator A^,. Surprisingly, is naturally related to the Okounkov 
operator Ok (see (|4.7|l ). which is an important in the representation theory 
of symmetrical group (see (2], 

3.1. A construction. Let X{ = Z2 x Z2 = {0,1} x {0,1}. Define a 
probability measure on X, by Vi((k, I)) = Pki- Let (X,/j,) = Y[ PQ) w) 
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and x = (xj) G X, where Xj = ^x^x^ 1 ^ £ Xj_, xf^ £ {0,1}- Define an 
action a of g = (sq, si) £ ©oo x 6a, on (X, /i) as follows: 



Remark 1. The measure is 0oo x &oo— quasiinvariant if and only if pij ^ 
for all i, j = 0, 1. 

We are about to construct a unitary representation ir^ of G x G in 
L 2 {X, /i). With q £ L 2 (X, /i) set up 



(tt„ ((s , si)) (x) 



d/x(g g (x) )V 
d// (x) 



(*0 ( fe ) 



(3.1) 



/CO 

J 2 ■ 



(^((7 (0) ,7 (1) ))?)(x) = (-l)V' fc 1 1 J,( X ), 

where = (jf A £ Zf, 7W = ( 7 f } ) G Z§°, and (7 (0) ,7 (1) ) G Z§° X. 
Let 7r^ 0) (5() = 717, ((5,ee)) and ^(5) = vr M ((e G ,5)). 

Proposition 10. is irreducible. Hence, 7T^ and 7rjt are factor- 
representations of ©oo i 1 r. 

Proof. Obvious. □ 

3.2. A cyclic separating vector. Let I be an element of L 2 (X, //) given 
by the function identically equal to the unit. 



Theorem 11. If det [ptj] 7^ 0, then I is a cyclic separating vector ft 



or 



4 0) (G)" and^'(G)". That is, 



4°)(G)"I 



_7rW(G)"lJ =L 2 (X,v). 
Proof. Let (fc, Z) be a transposition from ©oo- First notice that the operator 

0jp= lim -X^7rg>((*,0) (*eeE3/) 

n— >oo 71 * — » ^ 1 1 



Z=l 
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belongs to tt { J\g)" (j = 0, 1). Since 



(L 2 (X,fi),l) =<g)(L 2 (X i ,v l ),l) 
i=i 

one can apply the law of large numbers to deduce that 



o 



Furthermore, if Xu ls the indicator of the point (k,l) G lj = Z2 x Z2, the 



i—th 



matrices of of ,% ^ and C^ 1,t ' 1 in the orthonormal basis { <>' 
are as follows: 



(») 



,(0 _ *M 
/.'/ 



/Pfci 



fe,/=0,l 



O (0,i) ^ 



P00+P01 VPooPio+VPoiPii 

poo+poi VPooPio+VPoiPii 

VP00P10+VP01P11 P10+P11 





VPooPio+VPoiPn 









PlO+Pll 






poo+pio VPooPoi+VPiopii 
VP00P01+VP10P11 poi+pn 

poo+Pio VP00P01+VP10P11 

VP00P01+VP10P11 P01+P11 



(3.2) 



By the construction, 



00 

*?> (7 w )=(gX M ( 7 { fc) ), 

i=i 

where 7r^ 0,l ' ) (^7|°' ) ) an d vr^, 1 ' 1 '' (li^) are determined by the matrices 



1 
1 








(-1)' 


Use the map 



,(0) 








(-1)' 



,(0) 



and 



(-i) 7 * (1) 



a e (i) 



ra,n=0,l 








ooo 001 
aio an 



(-1) 



,(!) 



(3.3) 



(3.4) 



to identify L 2 (JQ, 14) to the full matrix algebra M2 (C), so that 



/Poo V^oi 
/Pio v/PiT 
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Equip Mi (C) with the Hermitian form 

(a,b)i = Tr (Fa), 

then 3i is a unitary and 3iL 2 (JQ, z/j) = M2 (C). Now as an elementary 
consequence of (|3.2|) and (|3.3|) one has: 

Poo + Pox V^ooPio + V^oiPn 

VPooPio + V^oTPiT P10 + P11 

POO + PlO yJPOOPOl + y/PlOPll 

P01 + Pll 



a, 



^ k (0) > tfa 



v(°) 



(3.5) 



VPOOPOl + y/PlOPll 

1 

(-1)T< 

1 

(-1) 7 »" 

Thus, in view of Remark^ (see p. HTl) . the algebra SDT^ generated by the oper- 



X a = a 



„(!) 



, where a G M2(C). 



ators JjO^'^ 1 and ^vr^ 
one has finally VJl^i 



Ti 



jr 1 is just M 2 (C). Since det (3; (I)) / 0, 



2Kj Df< (I) =M 2 (C). 



□ 



3.3. The modular operator. Consider the Hilbert space Sj = 

00 

(M2(C), ( ) i , Jj(I)). It is convenient to represent ft as a closure of the 
i=l 

linear span of the vectors a\ ® a 2 ® ■ ■ ■ ® a% (g) 3j +2 (If) . . ., where 

00 

di e M 2 (C). If 3f = 3i, one has by Theorem [TT] 

i=l 

Let jC(i^) and 7£(fj) be the TV*— algebras generated in fj by the operators of 
left and right multiplication by elements of the form 



ai <g> a 2 <g) . . . <g> etj <g> / 2 ® I 2 <8> • . . , where ctj G M 2 (C), I 2 



1 
1 



Proposition 12. 7r£ 0) (G)" = J -1 £(3)a and Trj^G)" = 3 _1 ^(£P- 
(7) 

Proof. Let 2tn stand for the W*— algebra generated by the operators 



(1)/ 



jo? }" i and |4 j) (r n )} (j = 0,1). In view of (|33|) . 



is isomor- 



phic (g)M 2 (C). Therefore, ttJ (©„) C Vi\l>. Finally, use deduce 



00 



% { n ] C£(S)) and 21^ cK(fj). 



i=i 



(i) 



□ 
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Let £ = 3± (1) <g> 3% (I) ® • • • ® ^1+2(1) ® ■ ■ ■■ Since the vector £ is cyclic and 
separating for (Theorem II 1J). one can construct the modular operator 

A^ (see Namely, if 5 and F are closures of antilinear operators given 
by 

S(a£) = a*C for all a G C(S)) and F(£a!) = £ (a')* for all a' G K{#), 
then 

F = S* and A ? = FS. 
Hence, with a = a\ ® 02 (8> • • • <8> a? ® ^2 ® ^2 ® • • • one has 

a*£ = £ • ^® j 8) / 2 ® h ® ■ ■ ■ • a* ■ ^(g) 3,(1) j ® I 2 ® / 2 ® . . . . 
Therefore, 

-1 



A € (aO=F(a*0=HQ9JiOQ ® ^ ® - • • • a • Q9 (3, (1))* J ® J 2 

,i=i / \i=i 

Finally, use the relation X,-(I) = JjOf^Jj 1 (see J33J)) to obtain 



A C «) = (g) (a.Of J) JT 1 j a (g) IjOf^Tj 1 ® 3 m (I) Ji+aOO ® • 
i=i \i=i / 

Thus the modular operator A^ is defined in a natural way by the Ok- 
ounkov operator Oj (see (|4.7|1 . 0, 0). 

4 The properties of Olshanski's semigroup. 

Lemma 13. Let i(p) be an element of p G N/s. Given any 7 = 
(71 1 72 j ■ • • i In, ■ ■ • ) £ T^° ; i/iere eziste 7 G uni/i i/ie property j-s-^f-j^ 1 = 
s ■ 7', where 

Ts('-i)(i(p)) = er /or aZU = 1, 2, |p| - 1 and p G N/s, 
^(bl-i)(i(p)) = 7 s (H-i)(i(p)) • 7 s (|p|-2)(»(p)) • • -7i(p)- 
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Proof. Let the 7 be defined as follows: 

7i(p) = er,7 s (i( P )) = 7^) , %W = 7^) • 77(}(p))> • • • » 

7 a (W-D«(p)) = ■ %{i( P )) ■ ■ ■ 7 s (M-2)( i(p) ) /or flW p G N/a. 

Now our statement can be readily verified. □ 

Lemma 14. Lei s be a cycle from &oo- Suppose that for ^7 £ £/te 
following relations hold: 

Pk = lk = er /or all k G {j G N| s(j) = j} . 

If s(5 and S7 are in the same conjugate class, then there exists 7 G such 
that 57 = 7 • s/3 • 7 _1 . 

Proof. One may assume without loss of generality that 

s(k) = k + 1 /or k = 1,2, ... ,m — 1, s(m) = 1 and s(Z) = / /or a// / > m. 

By Lemma EH there exist 7, /3 G with the properties 



7 • s • 7 • 7 1 = s-j',f3-s-(3-j3 1 = s ■ j3' , where 
Ik = 0k = e r /or fc = 1, 2, . . . , to - 1, m + 1, . . . . 

Let s G 600 and 5 G be such that 

(tS) sV (toT 1 = s/3'. 
One has the following relations: 



->m-l 



(4.1) 



<$27l 


#t(l) 


<$37 2 


= Pt(2) 


°m7m-l 


= ^t(m-l) 


°~l7m 





(4.2) 



By assumptions of the Lemma, t ({1, 2, . . . , m}) = {1, 2, . . . , to}, and we may 
assume that t(k) = k for all k > to. Hence, there exists a map / from N to 
N such that 

t(k) = s f{k) (k) forke N. 
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Now use the relation ts = st to obtain 

f(k) = I for k = 1,2,. ..,m. (4.3) 

Since s m is the identity, it suffices to consider the case I E {1, 2, . . . , m — 1}. 
Use (g2]) to obtain 

8\ = . . . = 5 m -i, 5 m -i + i = . . . = 5 m , 

These relations together with (j!8|) yield the following relation: 
5' 57' (5') 1 = s/3', w/iere 5' = (5 m l 5i,5 m l 5\, . . . , 5 m l 5\, . . .) . 

□ 

In what follows, (ir^, H^, ^) is the unitary representation of G = V I Sqo 
that corresponds by GNS-construction to the character <p. In particular, the 
operators it (G) act in Ti^ with cyclic separating vector That is, 

MG)£*]= M G )'f*l = W*, (4-4) 

where [5] stands for the closed subspace in 7^ generated by S. Moreover 
<Ks) = (></> (g) ^, £</,) for all g <E G. 

The property 1)4.4(1 allows one to produce a unitary spherical representa- 

(2) 

tion 7r^ of the Olshanski pair (G x G, if), where K = diag G = {{g, g)} g& c- 
Namely, 

^ 52) <0 = vr^ (51) xvr^ (52)* £0 for all iG^ (G)" . (4.5) 

Let 

G n {oo) = {(7 = s • 7 G G| s(Z) = / ar«i 7/ = e /or all I = 1,2, ■■ ■ , nj , 
if n (oo) = K n (G n (oo) x G n (oo)) , G n = T ? 6„, if„ = (G n x G n ) n 

It follows from the definition that Go (00) = G^ = G, -K"o(°o) = = K. 
Set 

n K n {oo) = ^ £ ^| ^(2) (g) ^ = ^ flW ^ £ ^ (oo) j j 

and let P n be an orthogonal projection onto 7^ . 
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Lemma 15. |J Tt, n is a dense subspace in TL^. In different terms, 

lim P n = Z-ft in the strong operator topology. 

n— >oo * 

Proof. It follows from the definition of n\ (see (|4.5[l ) that 



4 ] (Gn)U C«p, (4.6) 



,K n (oo) 



On the other hand, is a cyclic vector. That is, 



u *¥>(G n )u 

n=l 



Now our statement follows from (|4.fi|) . □ 

Remind a construction of asymptotic operators as it appears in [2], [2]. 
Consider the transposition (i, n) S Goo and the operator 

1 n 

O k = lim - Vtt*((M)). (4-7) 

n^oo n ' — ' 

The limit exists in the strong operator topology. 

We follow the idea of Olshanski (see 0, [7] and [?] for the case of 6 m ) 
in extending his approach to our setting for V I Goo- An algebraic struc- 
ture of the associated Olshanski semigroup has been used above to predict 
important relations between the operators and (r£°). 

Below we sketch the basic algebraic constructions and hope, with some 
details being left to a reader. Hopefully, this will allow later to receive 
a complete classification of admissible representations for wreath products 
T ; ©oo in some reasonable cases. 

For any n £ N consider the W*— algebra ^P n TT^ (G x G) P n ^j generated 

(2) 

by the operators P n ^ (G x G) P n , which act in PnTi^. Obviously, the map 

7rf n) : (51,92) G G x G - P n nf (51,92) Pn € (Pn^f (G x G) P n y (4.8) 

is constant on the double cosets K n (oo)\G x G/K n {pd). 

We are about to equip K n (oo)\G x G/K n (<x>) with a structure of semi- 
group in such a way that ir^' n ^ becomes a homomorphism. First, we extend 
the idea of Olshanski who applied a diagram technic to describe algebraic 
operations on ©00, onto the semigroup K n (oo)\G x G/ K n (co). For that, 
for any double coset we construct a so-called an admissible graph, which 
carries an important information about this coset. 
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Let be any graph. Denote by V (0) and E (0) respectively the set of 
all vertices and edges of 0. Consider a disjoint union 



(Z\0)U (Z\0) = {••• ,-2,-1,1,2,- ..}□{■■■ ,^2,^1,1,2,- ••} 

of two copies of (Z \ 0). A map ip® from V (0) to this disjoint union such 
that ip&(v) ^ ipe(v') for all pairs of different vertices t> and v', is called a 
vertex- coloring of the graph 0. 

Definition 16. An admissible graph is a vertex- colored, directed graph 
with the properties: 

(a) V (0) is the disjunct union of four finite sets V (0)~, F (0)+, F (0)~ 
and F(0)+, with 

V© ={M.±2, - ,±n},^e {V(&)t) = {±T,±2,--- 

f&J if i(e) and i(e) are initial and terminal vertices of e £ E (0), then 



| je € £ (0) i(e) = i(e) = u' or i(e) = u, i(e) = u' J | = j 



1 if v ^ v' 
otherwise; 



(c) if e £ E (0) then either of the four cases holds: 

i(e)£V(<3)- and t(e) £ V (0)~ , 

i(e)GF(0)+ and t(e)€V(<8)-, 

i(e) and t(e) £ V (®)+ , 

i{e)£V{<&)- and t(e) £ V (0)„ ; 



f one has a well defined marking function m© from .E (0) to {N/2, 0} x 
T, where N/2 is the set of positive half-integer numbers. 

Definition 17. The disjunct sum of the admissible graph and the count- 
able set £ of the circles is called the admissible diagram if there is a well 
defined marking function m<t from £ to N x c r (T), where c r (T) is the set 
of conjugacy classes of Y with property: there are finitely many elements 
m<r(c) (c £ £) not equal to (l,er). 

Here is a graphic interpretation for the elements of G x G. Let g = 
(sij 1 , S2t")- Consider two copies (Z \ 0) and (Z \ 0) of Z\0. It is convenient 
to position the elements of (Z \ 0) and (Z \ 0) on two horizontal lines, (Z \ 0) 
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Figure 1: gx(g) 

-5 -4 -3 -2 -1 1 2 3 4 5 




Figure 2j gr(/i) _ _ _ 

-5 -4 -3 -2 -1 1 2 3 4 5 




above (Z \ 0). Draw the edges e [i, s 2 (i) I from i G (Z \ 0) to s 2 (i) G (Z \ 0) 



and e l —i , —si(i)j from — z G (Z \ 0) to — si(i) G (Z \ 0) for i > (see Fig. 
^) . Finally, define in a similarity with Definition ^] the marking function 
m 0r ( g ) as follows: 



(e( -' j)) = \ ^<°- 



m 0<9) 

A graph has been constructed, to be denoted by gx(g). Obviously, 
i (E ( fl t(ff))) = (Z \ 0) and t (E (gt(g))) = (Z\0). 

To produce the graph gx(gh), it is convenient to position gt(g) above 
gr(/i). After the natural gluing the vertices i G t (-E (gt(/i))) and i G 
i (E (Qx(g))) we receive gx(gh). It is clear that 



gt{gh) 



(e = m 0r(9) (e g (k,j)) • m st(ft) (e h (i, k)) , 



where the edge e (i, j) is the joining of the edges e/j (i, k) E E (gr(/i)) and 
e g G (5^(5) )• If h G G x G is defined by the graph on Fig. then 

the graph Qx(gh) on Fig. |3] corresponds to the product gh. Besides that, we 
equip {N/2, 0} x T with a natural semigroup structure. 

Pass to a construction of the admissible diagram (see Definition !!?)) which 
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Figure 3j_ Qx(gh) 

-5 -4 -3 -2 -1 1 2 3 4 5 




Figure 4: gx(g) 




corresponds to the coset 9 n {g) £ K n (oo)\G x G/K n (po) containing g £ 
G x G. It splits into four steps. 

• At Step 1, draw in Qx(g) for i > n the edges e ( — i,i) and e (i, — i) that 
connect the vertices to i and i to —i. Denote the new graph by 
Qx(g) (see Fig. and extend the marking function ?n 0r ( g ) on 0t(<?) 
assuming that 

"V^y ( e (=!•*)) = m ^y( e (^^)) = U> e r) G { N /2> °} xr - 



• At Step 2, extend the marking function w. gr ( g ) to the pathes of Qx(g). 
First, it is reasonable to assume, that 

m -^)( e Qd)) = {^T 1 ) , whenm-^(e(ij)) = (J j7 ). 
If the path p 6 0t(g) is formed by a sequence {ei, e2, • • • , ej} of edges, 
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then 



= m^jiej) • m^y ( ej -_i) • • -m^y ( ei ) . 



• At Step 3, notice, that 0t(g) is a disjoint union of its connected com- 
ponents, each of those being a non closed path or cycle. By the con- 
struction, the ends of any non-closed path belong to 

*U„ = {=?*,■•• ,=5,=T,T,3,--- ,n}u{^n,-- - ,-2,-1, 1,2,- •• ,n}. 

Furthermore, define a coherent positive orientation on any non-closed 
path, which contains vertices i or i with \i\ > n, if we assume that its 
initial vertex belongs to the set 

{••• =2,=T}u{!,2,...}. 

The condition that any cycle contains an edge of the form e(i, j), 
where i, j > 0, defines the corresponding orientation on closed pathes. 

• Step 4. The set of vertices of the admissible graph Qt(9 n (g)) (see 
Definition IT5jl is Each oriented non-closed path p (see Step 3) 
determines an oriented edge e(p) of gv(9 n (g)) as follows: 

i(p) = i(e(p)), t(p) = t(e(p)). 

Finally, m 0r( ^( g)) (e(p)) = m^-(p) (see Definition d(d)). Similarly, 
each oriented cycle c defines the circle c(c) (see Definition I17|) , The 
value of the marking function on c(c) coincides with m Br ( g ) ( c ) = ( r ;7)- 
It is clear that the conjugacy class of 7 does not depend on a choice 
of initial vertex in c. The visualization of this algorithm for g £ G5 is 
depicted on Fig. \5\ Notice that there are no circles on Fig. which 
are marked through (l,er). 

Hence, by Definition 1171 we obtain the admissible diagram d (8 n (g)) of the 
coset 9 n (g). 

Using the diagram technic, we describe the algorithm of multiplica- 
tion for cosets. Let 9 n {g) and 9 n {h) be two elements from K n (oo)\G x 
G/K n {co). Let 9 n (g)o9 n (h) stand for the product 9 n (g) and 9 n (h). Again, 
it is convenient to position Q(9 n (g)) above d(9 n (h)). Later on, we paste 
the vertices 

• ■ ■ ,=2,=T,T,2, • • • ,n} c d (9 n (h)) 
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Figure 5: (6 n (g)) 




with the corresponding ones from 

{z«.- 1,2,- •• ,n} C D(0 n (5)). 

The resulting graph inherits naturally an orientation from the diagrams 
V {On (9)) an d d{8 n (h)). Just as at Step 4, we replace the newly formed 
connected components (non closed pathes or cycles) by the oriented edges 
or circles and define on those the marking function. The received diagram 
for g,h £ G5 is represented on Fig. [7| 

Remark 2. Let (£, n + 1) be the transposition from Goo CG = Sqo 2 T, and 
let 7 be any element from T C G. It is easy to check up, following Steps 1-4, 

_ _Figure 7: D (0„( 5 ) o n (/i))_ 
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Figure 8: D (0 n ((i, n + 1))) and (0 n ( 7 )) 



i - 2 i- 1 i i+ 1 i + 2 



i — 2 i — 1 i 



*+l i + 2 



i - 2 i- 1 i i+1 i + 2 



• 


> i 


i i 


i i 


i ; i 


> l 


> i 


i i 


> i 


> 


(0,er) 

• 


(0,e r ) 
> i 


(l,er) 


(0,e r ) 


(0,e r ) 
i : ( 


(0,7i-a) 
i i 


(0,7i-l) 
> i 


(0,7.) 
i i 


(0,7i+l) 
i i 


(0,7i+2) 

i 



i — 2 i — 1 i 



i + l i+2 



that they are determined by the admissible diagrams depicted in Figure 03 
By the graphic interpretation of the multiplication for cosets one has 

0M n ((i, n + 1)) = n ((i, n + 1)) o n ( 7 ). (4.9) 
If 7r^ 2,n ^ (see l)4.8Jl ) is the representation of the semigroup of cosets, then 
irf n) (e n ((i, n + 1))) = P n O l P n ( S ee 63)) and rf> n) (0„( 7 )) = nf' n) ( 7 ) . 
Therefore, P n OiP n irf ( 7 )P n = P n 7rJ 2) ( 7 )P n 0;P n . Using Lemma US we 

(2) f2l 

obtain Oj-zr^ ( 7 ) = 7r^ ( 7 )Oj. This fact will be proved rigorously in Lemma 

ED 



Now we give a precise definition of multiplication and involution on the 
double cosets K n (oo)\G x G/K n {co). Denote by the permutation 
from S n (oo), which acts as follows: 



^(0 



i ifi<nori>n + 2m 
i + m ifn<i<n + m 
i — m ifn + m<i<n + 2m. 



Proposition 18. Let g,g' be double cosets and g,g' any elements from 
g,g', respectively. There exist M(g,g') S N such that for m > M(g,g'), 
9 n (gu)r$ g'^j does not depend on the choice of g £ n {g) = g and g' 6 

@n (</) = g' ■ The multiplication gog' = 6 n (guffl g'j and the involution g* = 
9 n (<? _1 ) determine a structure of *- semigroup on K n (oo)\G x G/K n (co) 
so that irf n) (see fP$ ) is a * — homomorphism. 

Before proving the theorem, we discuss several auxiliary assertions. 
The following statement is a generalization of Theorem 2.5 from [B]. 
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Lemma 19. Let <3 C Sj be discrete groups with the property: there exists 
uj £ & such that for any set {$i,Q2, ■ ■ • ,0p} C (p G N), one can choose 
an element g G for which Sj {QQi, QQ2, ■ ■ ■ , QQ P } f) = fiujf)- If T is a 
unitary representation of & in a Hilbert space TCt and P© the orthogonal 
projection onto the subspace Tt® = {£ G T~Ct\ T(g)£ = £ for all q G ©} ; then 
P* = P Si T(u)P Si . 

Proof. Let £ G Ht and rj = Pq£. Denote by <t v the closure of the set of 
vectors of the form 

m m 

ajT (qj) 7], where Qj G (5, ai, «2 ; • • • , ct m > and ay = 1. 



3=1 



3=1 



By our construction, T(g)<t v = £ v . Since there exists a unique vector ( G £,y 
with the property ||C|| = min G £ v }, one has T(g)( = ( for all g G 0. 
Therefore, for any e > there exist «i, 02, • • • , ct m > with the properties 



1 and 



j'=i 



< 



Hence, \\P®r] — £|| < | and 



^a,,T (fig^r? -Pgr? 

3=1 



< e /or all g G 0. 



(4.10) 



If g satisfies the assumptions of the Lemma, then, using (|4.1U|) . we have 

\\p^t{u)p^ - p#n\\ < e. 

Since £, e are chosen arbitrarily and r\ = P^, then P^T{uj)P^ = P®. □ 



Lemma 20. For any m,n G N, (25 = i£" n (oo) ; fj = K n+m (oo), 
U) = (uJm^ , Wm' ^ satisfy the assumptions of Lemma MiA Furthermore, 

ir^ ^Wm^Wm'j j converges to P n weakly as m —* 00. 
Proof. Define a permutation as follows: 

i ifi<nori>n + l + m 



i + m ifn<i<n + l 
i — I if n + I < i < n + I + m. 
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A simple verification demonstrates that for M > m 

In) _ (n+m) („) (n+m) (A 11} 

Now consider an arbitrary finite collection <£ = {ti, I2, ■ ■ ■ , %p} of elements 
from K n (oo). There exists M G N with the property £ C K n+ M n if n (oo). 
Thus 

(n) (n)\ / In) (n) 

Hence, using (|4.11|) . we obtain 

(w^,^) £ C K n+m (wW.wW) #n+m, w/iere 5 G isTn+m- 

Thus the first statement is proved. The last statement follows from Lemmas 
Uniandd □ 

Proof of Proposition 1181 There exists m G N such that g, g' G G n+m x 
G n + m . Let h be an element of K n+ M H if n (oo), where M > n. Notice, that 
u^hujff G if n+ A/(cxD). Hence, using l|4.11|) . we have 

In a similar way, # n {goJrn g'^\ = #n {^j^rnhg'j. Thus the first statement is 
proved. 

Since by Lemmas El and [2UJ 5)9' £ G n+m x G n+m and P n = 
-Pn+ m vrl 2) f^m ) -Pn+m, one has 



P n 7rf ( 5 ) P n 7rf (</) P n = P n vf (g) P n+m rf ( W &>) P n+m7r f (</) P n 
= P n P n+m7 rf ( 5 ) ^ 2) ^ 2) [g') P n+m P n = P n nf (<?4?V) P n . 

Finally, it is clear that P n ^ 2) (g) P* = P n irf (g' 1 ) P n . □ 

5 A proof of the main result. 

The proof of Theorem [7| splits into a few lemmas. 

Define for k G N the element 7({^}) = 

(7i(W),72({fc}),--- ,7*(W),"-)eIT as follows: 

7*(W) = | 7fc *' = * (5-1) 
e otherwise. 
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For each indecomposable character <f> let (n^, Tt^, denote the cyclic rep- 
resentation of the group Sqo I T associated to (ft via the GNS-construction. 



Lemma 21. // a W* — algebra 21 is generated by the operators ir^ (Tg 
{Cjljgpp a^d C (21) is a center ofVk, then {Oj} jeN C C (21). 

Proof. The relation Ok-Oi = Of Ok allows an easy verification by definition 
flUZD (see [2] or 0). 

Now prove the relation 

Oi • vr^ ( 7 ) = ^ ( 7 ) • 0, /or a// 7 G and I G N. (5.2) 

Let iT®(oo) = iT n (oc) n (6oo x 6„) and K*(m) = K®(oo) n (G m x G m ), 

where m > n. If P,® stands for the orthogonal projection onto TL^ n ^ , 
then 

P n e = lim — L— £ vrf («?) (5.3) 

in the strong operator topology and > P n . Hence, using (|4.7f) and 1)5.3)) . 
we obtain for i < n < k 



P®0 % P® = P n % ((i, fc)) P n s and P n 0;P n = P n vr ((*, fc)) P n . (5.4) 

In the case when 7; = e the equality ()5,2j) easily follows from ()4.7)) . There- 
fore, it suffices to prove 1)5.2)1 for the elements 7 = 7 ({Z}) (see 1)5. 1)1 ). 
If i < n < k, then, using 1)4.7)1 . we have 

*W (7({i») OiP„ {P "| Pn} P n P n % ( 7 ({*») 4 P n e P n 

{B2U53} Pn ^ (7(W)) p6^ (( ^ ))P ep n 

P n P n % ((i, fc)) 7T ( 7 ({fc})) PfP n 

P n P n % ((<, k)) ^ ( 7 ({*») Trf (frCM)" 1 , 7({*}) _1 )) Pn 
^ ^n e ^ 2) ((e,7({^})- 1 ))vr,((,,A;))P n 

P„^ 2) ((7({A:}),7(W)))vrf ((e,7(W)- 1 ))vr4(i,A;))P n 
P n 7r^ ( 7 ({fc») ^ ((i, fc)) P n = P n 7r ((*, k)) ^ ( 7 ({*») P„ 

^ P n O^( 7 ({i}))P n . 
Since lim P n = Z-^ (see Lemma 115)) , the relation 

^ (7({*») Oi = O^ ( 7 ({i») follows. 

□ 



n^oo 
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We use the notation (zq, i\, . . . , i q -i) for the cyclic permutation s which 
acts as follows 

s tj\ = \ ik+limodq) if i = h € {io,h, ■ ■ ■ ,iq-l} 

' X i otherwise, 

Lemma 22. If Oi is defined as in \4-7\) an d 

B(m, n, q) = | h = (fci, k 2 , • • • , fcq) G N|A;j 7^ kj and m < ki < n\/i,j = 1, . . . 
f/ien /or ewer?/ positive integer m 

°i = lim A X] 7T^((A;g,fe g _i,...,A;i,i))- 

k eB>(m,n,g) 

Proof. If we notice that 

(i,kx) ■ (i,k 2 ) ■ ■ ■ (i,k q ) = (k q , k q -i, . . . , ki,i) 

q-l 

for pairwise different i, k±, k 2 , ■ ■ ■ , k q and Card (B(m, n)) = Y\(n — m — j), 

3=0 

the proof becomes obvious. □ 

Lemma 23. Let g = [J s p' l(p) be a decomposition ofg = s- j£Tl 

(see \l-4\ )) an d i(p) any element from p G N/s. Define j^ p ^ £ as 
follows 



7 <«,» 



7i(p) • 7s-i(i( P )) • • •7 s C-W+2)(i( p )) • 7 s (-|p|+i)(»(p)) - *(jP)> /g 5 \ 

e otherwise 



If <j) is an indecomposable character on Y I Soo; then 

«* (* ■ 7) n & ] = n (** (^ Wp)) ) °!(!) 1+ ^ r ^» • ( 5 - 6 ) 

j / peN/s V / 
Proof. By Proposition H3 we have 

^( S -7)n°?^^) = n ^( s p'7(p))ii^^ • ( 5 - ? ) 
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Therefore it suffices to prove Ij5.6|) in the case when s is a single cycle and 
7 = lip)-, where p £ N/ s and \p\ > 1. Let s = (ii, ?2, • • • , %>l)- By a virtue 
of Lemma ITU we find 7 S such that 

7-S-7-7 -1 =s-7 (il) . (5.8) 

Thus, by Lemma l2~Tl 

^ ( s • 7 ) n °?^> = ^ («) n °?^> u ) • ( 5 - 9 ) 

Let 

6 J 00 = {rGe 00 |r(j)=j}. 
Now use Lemma [551 to obtain 



7^17^ 



fc eD(m,n,?) ^ 



where 

~? - ( k (h) k (h) .(ti) .(t a ) ju(<a) juObl) uOlflh „ - V 

Hence, by the relation r • ^(* 1 )r~ 1 = (r E ©oo), we have 
^ (7 (n) ) ^WlJO^i 

j6P 



-Ay. E (*(^((^<'- I ,...,*f d . 

fceD(m,n,g') ^ 

1,(12) ilia) ■ ■ i_(*w) juOlPl) \ 

"Y^ > ■ ■ ■ > "1 > *3> • • • 3 L \p\ i r 'i| p | » ' ' ' ' 1 ' 1 y 



«2> 
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where 

7?_ Mn) fr (n) fr (n) „• An) ■ ■ A}\p\) A*\p\) 

g' = bl - 1+ E r j- 

This relation, in view of Lemma 12*2*1 implies the statement of Lemma OHl □ 

We use the notation 2L,- for the TV*— algebra generated by it^ (7), 7 = 
(e, • • • , e, jj, e, ■ ■ ■ ), and 0j. Given an operator A from denote by 
its copy in 21^: 

= vr ((j, k)) Air* ((j, fc)) (>0 = a) . 
The next assertion follows from Lemma 12*31 

Lemma 24. Lei s ; be the same as in LemmaWfh If Aj,Bj G 21-,-, £/ien 



n 



(i(p)) 
i(p) 



B) 



m)Y A (i(p)) 



Mp)) 



i(p) 



r (<(p)) 
si-lfl. 



(i(p)) 



(5.10) 



i(*(p)) v"s i -i"i(*cp))y »(?) 

The following lemma is an analogue of Theorem 1 from [2] . 

Lemma 25. Let A = [a, b] be an interval in [—1,0] or in [0,1] with the 
property min{|a|,|6|} > e > 0. If E^ is a spectral projection of Oi cor- 
responding to A, then for any orthogonal projection E from 2lj one has 



EE 



> e (EE®^, 



Proof. Using Lemmas 1211 and 1241 we have 



^{{i,i + l))EEf^EEft 



OiEE^Ztj,, EE^l 



> e 



EE^^tf,, 



(5.11) 



On the other hand, under the assumption 
7r^ + 1)) En,/, ((i, i + 1)), one has 

EE^-E^E^.^i^i + l)) 
= v 4> {{i,i + l))-EEf-E^Ei +1 \ 
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Therefore, 



^{(i,i + l))E^El +l) EEf^ 



< 



E ^) E l +l) EEft 



{Prop® 



Hence, using (|5.11() . we obtain our statement. 



□ 



The following statement is well known (see (Hj) and also follows from 
Lemma 1251 

Corollary 26. There exists at most countable set of numbers cti, Pi from 
(0,1) and a set of pair wise orthogonal projections {E^ (ctj) , E^ k ' (Pi)} C 
21^ such that 

O k = Y, ohEW (ai) - ^ PiE^ (Pi) . (5.12) 
The following assertion is an analogue of Theorem 2 from 3 . 

Lemma 27. Let r be a number from {ai,Pi} and let E be any projection 
from 2l fc . If (E ■ E^ k \r)^, = rv(r) + 0, then v(r) G Z. 

Proof. For completeness of the proof, we use the arguments of Kerov, 01- 
shanski, Vershik and Okounkov from 1 and [Hj. 

For any m G N, define the projection e m (r) as follows: 

m 

e m (r) = n ■ EW(r), where 
= vr ((j, k)) ((j, k)) , E^(r) = ^ ((j, k)) E^(r)^ ((j, k)) . 

Let P m (s) be the set of orbits s on {1, 2, . . . , m}. If s G & m , then by Lemma 
1241 we obtain 



Set 



Ms)e m (r)U, e m (r)^) = u(rf^ J] r \- 
(7i>(s)e m (r)£<£, e m (r)t,<f>) 



(5.13) 



(e m (r)^, e m (r)£ ) 



4> r (s) 



. Using (|5.13f) . we have 



IP™ W I 



z/(r) r 



(5.14) 
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Therefore, <j) r is an indecomposable character on Goo in view of Proposition 

El 

We following G. Olshanski (see HH) in expounding the proof of the fol- 
lowing formula: 

sgn(s) t l¥m{s)l = t(t - 1) • • ■ (t - m + 1). (5.15) 

SG&m 

For that, we consider the canonical projection p m ,m-i from & m onto & m -i- 

(p m ,m-i(s)) (») = <^ r ( ).( 

[ s(m) i] s(i) = m. 

Since |P m -i (Pm,m— 1 

(s))| = |P m (s)| when s ^ &m-i, and 
|P m _i {p m ,m-i{s))\ = |Pm(«)| - 1 when s G 6 m _i, then 

^ S5 n( S ) il p ™MI = ^ ^ s 9 n(s) tl p ™WI = 

s£<5m s£6 m -i se6 m : p m , m -i(s)=s 

t . t^^-(m-l). t |Pm(s)l = (t-m + l) tlPm(S)l - 

seS m -i se6m-i s66 ra _i 

Hence f|5. 15f) is now accessible by an elementary induction argument. 

We follow the idea of A. Okounkov in considering the orthogonal projec- 
tion 



Alt r {m) = — y~] sgn(s) 7u r (s) 

ml *— • 



ml 

s6o m 

Since sgn(s) (f> r (s) > 0, then, using (|5.14j) and 1)5.15(1 . we obtain for 

se& m 

r > 

u(r) ■ (u(r) - 1) • • • {v{r) - m + 1) > for all m E N. 

Thus, we get a contradiction in the case u{r) > 0. The opposite case z/(r) < 
can be considered in a similar way. For that, one should use the formula 

fPM")! = t{t + 1) • ■ • (i + m - 1) (see J&) 

SG&m 

and consider the projection 

Sym r {m) = — ^ 7r 0r (s). 



m! 



□ 
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Proof of Theorem [7J Let E k (r) be the spectral projection of Ok (see 
KTl. KWi ). By Lemma 1771 for r / the W-algebra E k (r)% k (see p. 
I29[) is finite-dimensional. On the other hand, use Lemma [2*T1 to obtain the 



unitary representation (^Ek{r) 



E k {r 



of the group V in the space 



-Efc(r)?^. Thus, the representations g r for r 7^ as in Theorem[7]are the ir- 



reducible components of (^E^r)^^ 



,E k (r 



The formula for characters 



follows from Lemmas 1211 and 1241 Finally, for each character as in Theorem 
0we construct the realization as in Section [21 □ 
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